map of sets H,(X;E,)~n,(X)~n,(s')~x,(x)~~~~~ (x) where N(x@l)=xoq2=
x 0 q 0 C q is not a homomorphism (q is the Hopf map). The homomorphism r is the standard operation of x4(X) on [X, X] given by "pinching off' a 4-sphere from the 4-cell of X (X-+X v s4 ldVB -X) [4] . Let us pause to review the previous work on this subject. It has been known for some time that 1 + H&(X) + HE(X) -+ Aut(H,(X), k .) + 1 is exact (r > 0) [ 231 [ 9; Thm. 23. A splitting seems never to have been derived (in particular see p. 44 of [2; 043 ) . The action of Aut(H,(X), + .) on HE,(X) can be deduced from statements in $6 of [I].
The principal result of P. Kahn [9] is a presentation n(Z V S2, X)$ x4(X): HE,(X) + 1 where 4 is computed (see $2) . The details for this seem to have been present already in [ 11. However, Kahn incorrectly claims that x4(X) is finite [9, pp. 31,451. We are grateful to Bill Massey for pointing out Kahn's paper and its error (see Endnote 1 for a discussion of this). The above presentation is also implicit in J. H. Baues' announcement [2; Thm 4.11, although t is not explicitly identified there. We extend these results.
THEOREM 2.2. The map of sets H,(X; Z,) 'ON -HE(X) is quadratic (see 61) and sends
ker(w,(X)) isomorphically onto HE,(X) and sends (H,(X; Z,)-ker(w,)) to the identity.
In improving on Kahn and Baues, we benefited from the more geometric viewpoint taken by F. Quinn in [ 15; 923. Recall that a homotopy equivalence,f, can be assigned a normal inoariant n(f) in NToP(X)=[X,
G/TOP]AH2(X; Z,) x H4(X; E) (see $5).
Quinn's viewpoint is that elements of HE,(X) can be "detected by their normal invariants." However, the arguments presented there for his crucial 2.1 are in error (see Endnote 2) . We show that This proves Quinn's 2.1. As a proof of the surjectivity of S 0 n, Quinn references an argument of C.T.C. Wall L-19, p. 2371. There, Wall states (for X P.L.) that the "surgery sequence" S(X)2 NPL(X$L, (0.1)
is exact (here S(X) is the PL structure set and L4 is the Wall group). The actual argument intends to show that the composite H,(X; Z2)%t4(X):HEi,(X):NTOP(X)
is onto the kernel of 8 (above). However, Wall seems to misapply D. Sullivan's Characteristic Variety Theorem. This same error is reproduced and elaborated in R. Mandlebaum's survey on 4-manifolds [ 11; p. 943 . Our proof of 5.2 contains the details to correct that argument as well; so that we have THEOREM 5.2. HE,(X): N"(X) is an injective map whose image is the kernel of W(X):L'+.
Moreover, Quinn's main Theorem 1.1 relies on the claim that M. Freedman had proved that any element of Aut(H,(X), .) is realized by a homeomorphism [6; Theorem 1.5 Addendum]. Therein, Freedman begins by referencing the same mistaken argument of Wall. Our 5.2 then also corrects this historical gap.
Given the aforementioned work of Kahn and Baues, it is not surprising that the proof of 2.2 (hence most of our other results) requires an explicit calculation of x4(X) and the homomorphism t. Baues' has announced a presentation of n4 of any l-connected 4-complex, as the push-out of a diagram of groups [2; 2.61. He does not present it "explicitly" or calculate it as an abelian group. We carry this out in $1 and $2. We find, for example, that z~(X) as an abelian group, depends only on the rank of ( HZ(X), e), not on its signature or type (see [ 123) . (Is this true for the higher homotopy groups?).
THEOREM 1.1. Let X be an oriented, l-connected 4-dimensional Poincart complex with r > 1. There is a split short exact sequence where 0(a, b) = A 0 a+ [A, b] where A is the attaching map of the cop cell and [,I is a
Whitehead product. COROLLARY 
If r > 0, ~l~(X)zZ~-l)('+~)/~ @ Z'(r-2)(r+2)13.
See $1 for details. In conclusion, all homotopy-theoretic facts in this paper have been given homotopytheoretic proofs. As such, these results could have been proved by the homotopy theorists of the 1950s and 1960s. But it was the interplay between geometry and homotopy theory which pointed the way to the results contained herein. If one fixes a manifold structure on X then a short proof of the splitting of 3.1 is available, as explained at the end of $5.
$1. xq OF A SIMPLY-CONNECTED 4-DIMENSIONAL POINCARE COMPLEX
In this section we will give an explicit presentation for n,(X) and use this to compute x4(X) as an abelian group. We find, for example, that the latter depends only on the rank of the intersection form (not on its signature or type). J. H. Baues has announced a "presentation" of IL.+ of any l-connected 4-complex as the push-out of a diagram of groups [2,2.6] . He does not present it "explicitly" or calculate it as an abelian group. The explicit presentation will be necessary for our study of the self-homotopy-equivalences, and there the type (even/odd) of the form will enter. Henceforth set M = V S2, which will at times be i=l identified with the 2-skeleton of X. Throughout we shall be concerned with quadratic maps. ) z x,(X, D4) @ n,(X, M) z n,(X) z n,(M). Moreover, tracing through the proof of Namioka's theorem one can check that it is natural with respect to maps of diagrams satisfying the hypotheses of the theorem. Given a E x~(M), we can construct a map of Y=D4 V S2 + X, via a on S2 and the characteristic map on D4. This yields the diagram:
Definition. A function q: A + B between arbitrary abelian groups is
Examining the Hilton-Milnor decomposition of rr4(S3 V S2) as n4(S3) 0 z,(S') 0 a4(S4), we see that n4(S2 V S3, S3) E rr4(S2)$ Z where the Z is generated by the Whitehead product of the inclusion maps S2 + S3 V S2, S3 + S3 V S2. Thus ker(i.+) is generated by the Whitehed product and hence a generator of n2(S2) maps to the Whitehead product. Thus a(a)= [a, A] (up to sign). This concludes the verification that 0 maps onto ker i,. It also proves that elements [a, A] en,(M) are trivial in n,(X) (see the second diagram), and hence that image (0) c kernel (i,) .
To prove that 0 is a split inclusion we make use of the following.
LEMMA 1.5. A homomorphism A + B of jinitely-generated ubeliun groups is a split inclusion provided that: (a) The induced map Torsion(A) + Torsion(B) is a split inclusion, and (b) for each prime p, the induced map (A/TorA @I Z/pZ) + (BITorB) @ (Z/pZ) is an inclusion.
Applying the lemma to our map 8, note that Tor(rr4(S3) @ 7r2(M)) z n,(S') g Z, and Tor(rr,(M)) is a Z,-module according to the Hilton-Milnor theorem. Hence (a) would follow from the fact that A0 Cq # 0. To see this, note that composition induces a homomorphism 7r3( M) @ rr4( S3) -P Tor(rr4(M)) (this uses 0.5). This is easily seen to be an isomorphism by the Hilton-Milnor decomposition. Thus A0 ZEq is non-zero precisely if A # 0 mod 2. But A is a primitive element of n,(M) (c.f. Appendix). Thus [A, x] is a sum of distinct basis elements whose coefficients (up to sign) are the elements of the matrix (xi* u x,*, [X] ), excluding the first row. Since r > 1, this sum is nonempty. At least one of these coefficients must be non-zero mod p, since otherwise det(aik) 5 0 mod p contradicting the unimodularity of the cup-product form. Thus where the homomorphism Q, is given by the formula: and r is the "twist map" as in $0. Note that this is not valid for r = 0. Hence P. Kahn gives a presentation for HE(X) which, for the most part, is contained in $6 of [I] (see also [4] ). Now take b to be z 0 pi where p: I? M + ICS2 is the ith projection and z E x3(X). This yields
The above exact sequence (with @ as immediately above) is implicit in Baues' [ 2, Thm. 4.11 where he announces an exact sequence H*(X; Ir,(X))~x,(X)~HEi,(X)~ 1.
He does not explicitly identify g. Our Theorem 2.2 will carry this much farther, but for now we have:
where @ is given by a Q b--* [a, b] + w,(a)(boZq).
Proofo~2.1. We merely modify Kahn's sequence. Note that if yi =q, the Poincarl dual of XT, then JJ~ 0 Xi = 6,j and yi = Zaijxj SO that yi *yj = aij (cf. Appendix). Our previously derived expression for 0 becomes Proof If r = rank (H*(X)) = 0 then both groups are trivial (because we have defined HE,(X) to act as the identity on H4(X) as well as on H2). If r = 1, then X E + CP(2) so ker(w,) z x4( _+ CP(2)) z HE,,(X) z 0 by 2. are linearly independent and primitive, hence span K. Thus 6(K) is generated by In this section we identify HE(X) with a group of automorphisms of a certain algebraic object, enabling us to prove our main theorem in the case wZ(X) is zero. for the map ker(w,(X))zHE(X)).
The case w2(X) # 0 is technically more complicated and postponed to $4. Assume throughout $3 that w*(X) is zero.
Recall that stable homotopy a,( ) yields an (Eilenberg-MacLane) unbased homology theory rr", by setting rr",(X, A) z a*(X+/A+) where X+ means "adjoin a basepoint." This leads to ii: 3 rr",(X, x,,), reduced stable homotopy [21; pp. 552, 572, 579, 5841. However rr", (X, x0) is o*( X '/x,' ) which is merely a,(X) where in the latter expression we havefixed (arbitrarily) a basepoint of X. Thus ii is a reduced homology theory and may be analyzed via the Atiyah-Hirzebruch spectral sequence [21; p. 3601. 
Proof of 3.2.
Consider the Atiyah-Hirzebruch spectral sequence fi,(X; n~)+ii~+,(X) where rr", = Irz(pt.) = a,(S') is "stable homotopy". We, claim, provided w2(X) = 0, that d2: E:,, + Et, 1 and d2: E:, 1 + Ei,2 are zero. This will imply directly that Es, 2 z Ez 2, and E:,. z E4p.0, yielding the exact sequence O+E;,,:ii",(X)AE:,,-0.
Since this spectral sequence employs a filtration by skeleta, any (cellular) map of spaces will act naturally on this sequence. Furthermore, N is the composite H,(M) @I n; z E2q2 = image (ii:(M)& iii(X)) which is clearly the claimed map xi @ 1 -+ xi 0 q2. Moreover, the map d factors through iii(X) ' -iiz( S4), wheref: X + S4 has degree 1, and ii.: z EiSo = H4(S4)'& H4(X). Thus the map d is given by "degree" since the corresponding map for ir$( S4) obviously is.
Recall that if w2(X) = 0, then the attaching map is represented by a matrix with an even diagonal so CA is trivial. Thus, stably, X 1: M V S4 so the spectral sequence collapses entirely as claimed. In fact, the sequence of 3.2 is merely part of the long exact stable homotopy sequence for the pair (X, M). Moreover, in the cases at hand, the Atiyah-Hirzebruch spectral sequence will always reduce to the long exact sequence of the pair, since X has only two non-trivial skeleta. However, we shall give another proof of the claim, valid for any Y, which will be used in $4 as well.
First note that 5",( Y) and Ei, * are modules over rr", and that d* is a module map [21, p. 6281. Since E:,, z ~52.~ @ XT, this shows that d': E:,, + E:,* is determined by d*: E:,, + E:,,. Hence it suffices to compute the latter. H4( Y, 2,) + H2( Y; Z,) is the dual of Sq*: H*( c Z,) + H4( Y; Z,). Since the latter is a -+ a u a = a u w2( Y) , the present claim implies our earlier claim that d* vanishes if w*(X) is zero.
Clearly it suffices to check this for Y= K(Z,, 2), since if g(x)=d*(x)-(Sq*),r,(x) is non-zero, we can find f: Y + K(Z,, 2) with f.(e(x)) # 0. But, as 0 is natural, f,(e(x)) = NJ*(x)) implying that 8 is non-zero for K(Z,, 2).
Moreover, iff: CP(2) + K(Z,, 2) is the non-trivial map, thenf, is an isomorphism on can be shown to split. We shall describe a map T: Ker( 0) + K. Choose a generator 1 of C. Given 0~ KerO, choose PE n so that d(p) = 1. Then g(p)p is i(k) for a unique k. This may be checked to be independent of p and to be an isomorphism. Note that T-i = Y as given in the statement of the theorem.
It only remains to check the actions. Recall that foAut(0 + K + 7~ + C + 0) acts on 8~Ker0 by conjugation. Thusfacts on keK by kt+T(fiY(k)of-' ).
But if d(p)= 1 and p' =fl(p) then r (~Y(k)~f-')=i-'(~Y(k)~f-'(p)-p)=i-'~Y(k)(p')-f(p') ) which is i-1 f ( Y (k)(p') -p' ). If sign f= + 1 is the action off on C then this expression becomes sign(f'f(Y(k)(p) -p), since d(p') = sign(J), and this is sign(f).p T (Y(k) ). This induces iii(X) + %2(X) 0 itz(S4) + ii:(X) @ iti(S2) -+ r?:(X) where the first map is bt+ (b, d(b 
)) (d as in 3.2). Thus x#(b)=b+d(b)[xion2],
which is exactly Yi (see 3.6), so J(x, @ 1) = Yy-'Yi =xi @ 1. This shows that HE(X) is a pull-back under the natural maps. 0 We can now prove our Main Theorem 3.1 in the case w2(X) = 0.
Proofof3.1.
Apply 3.4 to 3.7 to conclude that HE(X) g H,(X; Zz)xle Aut(H,(X), f .) where the projection to Aut(H,(X), + *) is the natural one, and the inclusion of H,(X; Z,) is TON. Furthermore the action of Aut(H,(X), f *) on H,(X; Z,) factors through that of 3.6, which is the natural one. 0 $4. THE CASE w2(X) # 0
In this section we prove Theorem 3.1 in the case that wz(X) # 0. Since 3.2 fails here, we need a different theory, one which can capture the class w2. Note that w,:X + K(Z,, 2) and that any homotopy equivalence preserves wL up to homotopy. Thus X is a "space over K(Z,, 2)" in the sense of A. Dold, for example [3, $21 . An object in the category of spaces over B is a pair (XJ) where X is in the category of spaces which have the homotopy type of Cl+'-complexes, andJX + B is continuous. Furthermore, if h, is any homology theory for spaces ouer K(Z,, 2) [3, $23, then HE(X) operates on h,(X, wt). Since X is l-connected, for any two representatives of w2, the corresponding groups h,(X, w2) are canonically isomorphic [3; 2.3-2.41. We shall now define such a homology theory.
Consider the fibration BSO(n) IL -K(Z,, 2) with fiber BSpin(n). If (X,f) is any space over K( Z,, 2), define P(X,f, n) or merely P, as the total space of the pull-back of I+$ viaf. Let y. be the universal n-plane bundle over BSO(n) and set <,, =f*(y,), the pull-back over P,.
Let T( 5.) be its Thorn space (base-point at cc ), and define h, (XJ) = lim II* ( T( 5.)). It then follows that h, is a homology theory for spaces over K(iZ,, 2) which we shall denote by Q:*(X,f). For any map Y + X over K(Z,, 2), RT(X, Y,f) is defined similarly so that the sequence + a:'( Y) + n:'(X) --+ Q,w'(X, Y) -f2r?i( Y)+. . . is exact. It is elementary to check that sZy2 satisfies Dold's "CYLINDER" axiom. Verification of his "EXCISION" axiom relies on the Thorn isomorphism theorem, the relative Hurewicz theorem and excision for ordinary homology.
Remark 4.1. If f is understood, we abbreviate QF(X, f) as &2yz(X). If f is nullhomotopic then Qz2 is isomorphic to Ozi" (X) (canonically if X is l-connected [ 3; 2.3-2.41). In particular, nT(pt.) = R, Spi". On the other hand, iff: K(Z,, 2) + K(Z,, 2) is the identity then Q ;'(K,f) is Qzop, ordinary oriented cobordism. Let n';z(X,f) stand for Q;'(X, x,,f) where x0 E X. Beware that O;z(x,) + Q:l(X,J) is not necessarily a monomorphism. Following Dold [3; p. 3941 one may set up an "Atiyah-Hirzebruch" spectral sequence converging to Rr2(X, x,,f) whose E* terms are E?,(X; Q,"'(pt.)). The local coefficient system acts trivially in our case since x,(Maps(X,
2)) is trivial when X is l-connected [3; 2.41. In this case, Whitney-sum makes Ez,, (and fizz) a module over the ring Qtz( pt.) = fQi" in such a way that df is a module map.
We need the analogue of 3.2. (where 67(X)  is fI,w'(X, wz)) on which HE(X) acts, restricting to the natural actions on H,   and Hq. Moreover, the map fi sends xi @I 1 co i*([xioq2]) where xi0 q*~jii(M) z
PROPOSITION 4.2. Suppose X is a l-connected, oriented 4-dimensional Poincare complex.

There is an exact sequence
fizz (M, ~2 0 i) where i: M + X identifies M with the 3-skeleton of X.
Proof of 4.2. Consider the spectral sequence fi,(X: ny2) an;:,(X) discussed above. Since ny2 Z RS*pin, this looks like the spectral sequence for fi, 'pin(X), but the differentials are twisted. Note that fiFi" z rr", for * = 0, 1,2. Here also fis,i" is a ring, ng* (X) and Ef,, are modules and dZ is a module map. Thus, as in the proof of 3.2, it suffices to compute d*: E:,, + E;+ 1 and see that it is zero.
Claim. For any l-connected space (XJ) over K(Z,, 2), d*: E& + E:, I is given by the  formula d*(x) = (Sq*),r,(x) -f*( ) i n r.+(x). Here r, is reduction modulo two, (Sq*)* the dual of Sq*, and icH* (K(Z,,  2) , Z,) the generator. This claim will suffice to prove 4.2 since, for our Poincare space (X, w,), Sq*(cr) u cc, aEH*(X, z2), is (auw2, C-U>, so <a, (~q2),r,(CXl)>=(auw2, r*(CX])>= (a, w2 n r*( [Xl)) implying that (Sq),r, + w2 u r* is trivial.
It may be easily checked that it suffices to prove the claim for K(Z',, 2) x K(E,, 2) withfbeing projection onto the second factor. Furthermore, it suffices to prove the claim for K( Z,, 2) andf= identity andf= constant map, since H4( K( Z,, 2) x K( Z,, 2)) is generated by the images of H,(K(Z,, 2)) under the two inclusions and the diagonal map. For the case (K(H,, 2) , identity), consider the sequence fl;2 (K(Z,,  2) ) --) @' (K(H,,  2) ) --* C$' + R;* (K(Z,, 2)).
Since Qso g Q:' z 0 and @"* 3: -_ Z2, 4.1 implies that @ (K(Z,,  2) ) z Z,. Thus Ei,, z E& g Z, and so d*: E& + E2 *, 1 is zero. On the other hand, (Sq2),r, + i n r* is clearly also zero (see our earlier argument and note that H, (K(Z,, 2) ) is cyclic).
In the case X = K(Z,, 2), f= constant, fitZ(X) = fiS*pi" (X). Moreover, the map {e) + Spin induces a 3-connected map E( { e}) + BSpin. Hence the natural transformation rr", + 0Fi" is an isomorphism for * < 2. This implies that the maps d*: E& + E:_, (involving fiber dimension < 2), in the spectral sequences for iii(X) and fiy"(X) are the same. By the proof of 3.2, d2 = (Sq2) *r* which is our formula sincef = 0. 0 Now consider the sequence According to [ 173, the homomorphism i has degree 16. Hence fi,"2(K(h,, 2) , id) z Z,,. It is well known that H, (K(E,, 2) ) is cyclic of order 4 [S]. On the other hand, in the spectral sequence for n' F( K, id), EiG z E,, Et, 2 = Z, and E& s H4( K) , so each term must persist to E". Thus Z, z Eis2 -R, "I(K(H,,  2) , id) is the inclusion Z, 4 Hi,. In particular, the map (X, w2)-w* (K, id) induces a map of spectral sequences giving the diagram below. where XT E Aut( n'l'( X)) is induced by r( Xi 0 q2) E HEi,( X). The following diagram commutes, up to homotopy, since x E ker( wz). This induces fiTZ( X) --* fiT2( X) 0 fiyi"( S4) -+ fiyz( X) @ CQi"( S') + b,W'(X). Since 6yin (S4) z H4(S4) 2 x4(S4) and dipin z H,(S$ Z,) 2 ;iz(S2), the maps above are b + (b, d(b)) --t (b, d(b)$) -+ b + d(b)i, ([x0 q*] ) where d and i, are as in 4.2. Note that it is not necessary to know what the map d is. Hence x,? is exactly $(Xi) SO J is the identity map. It follows that HE(X) is the desired pull-back under the natural maps. cl maps onto the kernel of 8: N"(X) -) L,. However, Wall mis-applies Sullivan's Characteristic Variety Theorem in asserting that it suffices to compute the normal invariants (i.e, splitting invariants) along submanifolds representing a basis for ker(w,(X)). For example, if X 2: @P(2) # @P(2), x generates ker( w2( X) ) and [ Y-j = x, then HE,,(X) z Z,, generated byf = 7 0 N(x). But the splitting invariant offalong Yis x-x = 0 (as we shall see below), so, if it were sufficient to calculate splitting invariants along Y, the above composite would be trivial, contradicting the assertions of Wall and Quinn. Sullivan does state in [ 18; p. 333 that it suffices to choose a basis for the "dual of wi." The Poincart dualof w: is ker(w,(X)) whereas a Horn dual (with respect to some basis) is a quite different subgroup. The latter is the correct interpretation of "dual" for this situation.
In addition, Wall's calculation of the splitting invariants of 7 0 N(z), along a fixed surface Y, is only correct if z E ker( w*(X)). For example, if X z CP(2) # @P(2) with [ Y-J = x as above and [ VJ = z representing a core CP( 1), then Wall computes the splitting invariant of 7 0 N(z) along Y to be x*z = 1. But, by 2.2, r 0 N(z) is homotopic to the identity (or note 7r,(CP(2)) z 0 and the homotopy to the identity in HE(CP(2)) extends to one in HE(CP(2) # @P(2))). We shall provide details of a proof of the surjectivity of the above map, following the lines of Wall's original argument, in the case that X is P.L. This completes the proof of 2.1 of [ 151 for P.L. 4-manifolds. Recall that the set of normal maps N ToP( X) is in bijection with [X, G/TOP] which is in bijection with H*(X; Z,) x H4(X, Z) (since, by [ 10; pp. 328-3291, the 5-skeleton of G/TOP is the same as that of K(Z,, 2) x K(Z, 4)). Moreover, the image of the injection NPL(X)+l'VToP(X)is ((a,b)Ia*~bmod 2}.Themap lAToP(X)~~4(X)-+L4({ej)~ Z is given by the surgery obstruction [ 19; p. 2371. Thus K = ker( NpL(X) + L4) is in bijection with { UEH*(X; Z,) Ia* z 0 mod 2) which is w:. Since K and ker(w,(X)) are of the same cardinality, it suffices to show that ker(w,(X))xZfE(X)-!!+K is surjective. Moreover, if X is a topological 4-manifold, then let K' be the intersection (in IV 'Op) of ker (8) and ker(rc) where K is the difference of the Kirby-Siebenmann invariants. Thus, to show that "homotopy equivalences are determined by their normal invariants", it again suffices to demonstrate that ker( w*(X)) + HE(X) + K' is surjective or injective. We proceed with an analysis in the PL case and discuss the topological case afterward. Now, given a collection { Yi} of embedded, oriented surfaces representing a basis of H,(X; Z,), we shall recall the map of sets S: lVpL(X) + H*(X, Z,) (due to Sullivan [ 18] ), where Scf) assigns, to each Yi, the "splitting invariant" offs N pL(X) along Yi. For X a PL 4-manifold, we shall compute the map S 0 n 0 T 0 N: ker( w2( X)) + H*( X; Z,) and find it to be onto w:. Hence the cardinality of n 0 50 N(ker(w,(X))) must be that of K. This will show that the above maps define bijections between ker(w,(X)), wi and ker( NpL(X) -+ L4).
Henceforth assume X is a PL manifold and let N(X) = /V'"(X). Recall that the map N is not a homomorphism since The first Arf invariant is clearly 1 since the first diagram "represents" q2 in ii:( The second Arf invariant will be shown to be w2(x). This will yield the desired total of (1 + w,(x))lx.yl =(l+ w2(x))Z(y), completing the proof.
We claim that, by careful choice of S4-%S2 representing q2, we may assume not only that g-l(*) is a torus T, but that there are embedded circles ~1, /3 generating H,(T) which bound embedded 2-disks in the 4-cell D4 of X. Furthermore, for either disk, the map (D2, S') -+ (S4, S') + (S', *) is of degree f 1. To see this, consider the restriction of the bundle projection H + S 2 (H a Hopf 2-disk bundle over S2) to its boundary. This representative 'I: S3 -P S2 has a decomposition If C denotes the equatorial circle of S2 E D2 usI D2, then q-'(C) is S' x S' where (S' x pt.) and I(/ -' (S l x pt.) are the desired generating circles bounding disks. Thus (Z q) -1 (C) is this torus. Hence it suffices to choose a representative f of q so that f-'( *) = C lying in the equatorial S2; this is possible since, for our representative q described above, q -'( *) is unknotted. The claims about degree may be easily checked.
We then have the diagram which induces a trivialization of N, 1 sl. The quadratic form on r takes the value 0 or 1 according as this trivialization "agrees" with the trivialization induced by the "unique" trivialization of Nx I + But note that the composition of (D', S') + X with our homotopy equivalence is essentially the original immersion S2 + X representing x. Then the diagram Nxlw-+tls~ J J Nxlsl + (1, shows that the value of the quadratic form on a (and p) is precisely w2( 5 I S2). Here we may assume without loss of generality that 5 reduces to the stable normal bundle of X (since X is a manifold), so the desired value is x*x z wZ(x) mod 2. Thus the Arf invariant on T is w*(x). 0 This concludes the piecewise linear case. The details of the arguments for the topological case seem not to have been published. However, using Quinn's proof of the Annulus Conjecture, one knows that X -{pt> has a smooth structure. Using this it seems that a topological normal bordism to the identity gives a smooth normal bordism of proper selfhomotopy equivalences X -{pt} + X -{pt}, from which one shows that the splitting invariants are obstructions. This would show that ker(w,(X)) + K' is injective.
If X is a manifold, then a splitting 4 of 3.1 may be easily derived as follows. Given A E Aut(H,(X), f * ), choose g E HE(X) so that g* = A. By 5.2, -(S 0 n(g)) is in the image of some aEn, ( Let 4(A) be the result of acting on g by a. It is easily verified that 4 is a homomorphism. 
Endnote 2
This concerns errors in the proof of 2.1 of [ 151. The argument for injectivity is invalidated because the Claim on page 348 is incorrect. The major difficulty seems to be in the next-to-last line of the proof. If the claim were true, then T( [[xi, xi], x,]) and T( [xi, xj] *Z q) would always be trivial. But for Sz 2 S2 (the boundary of the non-trivial 3disk bundle over S2) with x, y representing the base and fiber, the relation A. YZ q in x4 gives that x*q2 = [x, y]*Z:rl. The Claim would thus imply that the image of ker(w,)r,\i.& were trivial (since x*x = 0). This would be inconsistent with Quinn's thesis (and our work). Additionally, page 348, line 22, is missing a minus sign in the formula (see our 1.6). Also page 348, line -14, says that w2(xi) E aii mod 2 where ~ii = (x: u XT, [X] ) for xr the Horn-duals of the basis {xi} for H,(x). This is false for S2 % S2 in the basis given above.
In general, the argument seems to assume that certain maps are homomorphisms, when in fact they are not.
Finally, as discussed in $0 and $5, the referenced argument of Wall [ 19, p. 2371 is incorrect.
APPENDIX I
We organize some homotopy theory related to the attaching map A etrJ of a l-connected 4-manifold X 2: V S2 uA e ". We make no claims to originality, although we cannot find a calculation of A in the literature.
First recall the Hilton-Milnor analysis of 7~" [21] . Suppose In [ 133 it is shown that the oriented homotopy type of X is that of \j S2 uA e4 for a unique A, that A determines this type, and that A is determined by the intersection form (Hz(X), *). (This refines the theorem of J. H. C. Whitehead [24] .) The map A is not intersection form {xi*xj} is such a matrix, it is tempting to conclude that aij = xi*Xj* However, a is actually the inverse of this intersection matrix! In fact, aij = (x: u xf, [X] > where xf is the Horn-dual basis of (pi} E H,(X). Of course, xi-xi = (Zi u e?jzi, [X J ) where gi is the PoincarC dual of xi. This form for A is stated without proof in [20; p. 1821. It may be deduced by carefully tracing through Milnor's (unexplicit) correspondence. Perhaps one reason that people sometimes confuse the intersection matrix with the matrix a is that for many of the simplest and best known examples of 4-manifolds, it is possible to choose a basis for H*(X) so that the two matrices are equal! We offer a simple geometric argument (for handlebodies) below. But first, we make some further remarks about a. Suppose {Yj} is a basis of H,(X) so that yj.xi = Sji. Then jj( xi) = Yj' Xi = 6ij SO jj = Xf . Hence Qij = ( X: LJ Xj*, [X] ) = ( $i U Jj, [X] ) = Yi'Yj SO that a is the intersection matrix of H,(X) with respect to this "dual" basis. Furthermore, it follows that yj = c aijxi, so xi = 1 QijYi, where (pij) is the inverse matrix to a. Therefore xi.xj=(F~~iy~):(~~oy~)=~~~i~~ja~~=~~~i~~j=~ji=~ij.Henceaistheinverseof the intersection matrix in the basis {xi} as claimed.
Now assume that X is a handlebody consisting of one O-handle, one 4-handle, and r 2-handles. Consider the obvious wedge of 2-spheres which is a retract of X-(4-handle)'. Then A is simply the restriction of this retraction to the boundary of the 4-handle. Suppose xi represents the ith 2-sphere. It is fairly well known that, iff: S3 + i/ S2 is transverse to the north poles ni, then the coordinates of Lf] with respect to the Hilton-Milnor basis (above) are given by the linking numbers in S3, aij = Ik(L,, Lj) and self-linking numbers Zii = IQ&, LF) where L is the framed link corresponding to fl(q). In our case, Li is the boundary of the co-core of the ith 2-handle. Let yj be a homology class of the union of the jth co-core and the cone (into the 4-handle) of its boundary. Then yj.xi = aij and yi.yj is well known to be Ik( Li, Lj) for i > j and Ik( Li, Ll ) if i = j [ 163. Thus rij = yi.yj as desired. Note that we have suppressed orientation considerations (signs) throughout.
The referee points out that it would be more to the point to make use of the "functional cup products" as explained in $3 of Chapter XI of [21] . On the one hand, the functional cup product suffices to give an effective homotopy classification of maps f:s-+svs... V S2; on the other hand, the functional cup products are intimately related to cup products in the mapping core forf. The reader might also peruse $5 of the same chapter to read about Hopfs derivation of the connection to linking numbers. 0
